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Abstract
Let C = {c1, c2, c3, . . . , ck} be a certain type of proper k-colouring of a
given graph G and θ(ci) denote the number of times a particular colour ci is
assigned to the vertices of G. Then, the colouring sum of a given graph G
with respect to the colouring C, denoted by ωC(G), is defined to be ω(C) =
k∑
i=1
i θ(ci). The colouring sums such as χ-chromatic sum, χ
+-chromatic sum,
b-chromatic sum, b+-chromatic sum etc. are some of these types of colouring
sums that have been studied recently. Motivated by these studies on certain
chromatic sums of graphs, in this paper, we study certain chromatic sums for
some standard cycle related graphs.
Keywords: Chromatic number, χ-chromatic sum, χ+-chromatic sum, b-chromatic
number, ϕ′-chromatic sum, ϕ+-chromatic sum.
AMS Classification Numbers: 05C15, 05C38.
1
ar
X
iv
:1
60
6.
00
26
8v
1 
 [m
ath
.G
M
]  
1 J
un
 20
16
2 Certain Chromatic Sums of Some Cycle Related Graph Classes
1 Introduction
For general notations and concepts in the theory of graphs and digraphs, we refer
to [2, 3, 5, 6, 20]. Unless mentioned otherwise, all graphs mentioned in this paper
are non-trivial, simple, connected, finite and undirected graphs.
The notions of certain types of colourings of given graphs attracted much re-
search interest. In a proper colouring of a graph G, no two adjacent vertices in G
are coloured using the same colour. The minimum number of colours in a proper
colouring of G is called the chromatic number of G, denoted by χ(G).
For a proper k-colouring C = {c1, c2, c3, . . . , ck} of a graph G, the set of vertices
Vci = {vj : vj 7→ ci, vj ∈ V (G), ci ∈ C}, 1 ≤ i ≤ k is called a colour class of the
colour ci. It is to be noted that V (G) =
k⋃
i=1
Vci .
Recently, some studies on the concepts of certain chromatic sums of graphs
have been appeared in the literature. The concepts of the general colouring sum of
graphs with respect to different types of graph colourings can be defined as follows.
Definition 1.1. [10, 12] Let C = {c1, c2, c3, . . . , ck} allows a certain type of proper
k-colouring of a given graph G and θ(ci) denotes the number of times a particular
colour ci is assigned to vertices of G. Then, the colouring sum of a colouring C of
a given graph G, denoted by ω(C), is defined to be ω(C) =
k∑
i=1
i θ(ci).
Invoking the above definition, the following two parameters have been intro-
duced in [10].
Definition 1.2. [10, 12] The χ-chromatic sum of a graph G, denoted by χ′(G),
is defined as χ′(G) = min{
k∑
i=1
i θ(ci)} and the χ+-chromatic sum of a graph G,
denoted by χ+(G), is defined as χ+(G) = max{
k∑
i=1
i θ(ci)}, where the sum varies
over all minimum proper colourings of G.
The b-chromatic number of a graph G of order n is defined as the maximum
number k of colours that can be used to colour the vertices of G, such that we obtain
a proper colouring and each colour i, with 1 ≤ i ≤ k, has at least one representant
xi adjacent to a vertex of every colour j, 1 ≤ j 6= i ≤ k. Such a colouring is called
a b-colouring of G (see [4, 7]). The concept of b-chromatic number has attracted
much attention (see [4, 7, 9, 14, 16, 17, 18, 19]).
Definition 1.3. [10, 13]. The b-chromatic sum of a graph G, denoted by ϕ′(G),
is defined as min{
k∑
i=1
i θ(ci)} and the b+-chromatic sum of a graph G, denoted by
ϕ+(G), is defined as max{
k∑
i=1
i θ(ci)}, where the sum varies over a b-coloring using
ϕ(G) colors.
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The concepts of different chromatic sums are reported to be extremely important
and can be applied in many related studies on certain networks like transportation
networks, network flows, domination theory, resource allocation etc. (see[1, 11, 12,
13]).
2 New Directions
The χ-chromatic sum and χ+-chromatic sum of paths, cycles, wheel graphs, com-
plete graphs and complete bipartite graphs have been determined in [10] and b-
chromatic sums of those graphs have been determined in [13]. b+-chromatic sum of
these graph classes have also been studied in [10]. Motivated from these studies, in
this paper, we discuss different colouring sums of some other particular classes of
cycle related graphs.
2.1 Colouring Sums of Double Wheel Graphs
A wheel graph Wn+1 is a graph obtained by joining every vertex of a cycle Cn to a
single external vertex. This external vertex is said to be the central vertex of the
wheel graph. The b-chromatic sum of wheel graphs have been determined in [13]
and their b+-chromatic sum, χ-chromatic sum and χ+-chromatic sum have been
determined in [10]. Let us now proceed to determine these parameters for some
graphs generated from wheel graphs.
First, recall that a double wheel graph, denoted by DWn, is the graph obtained
by joining all vertices of a disjoint union of two cycles Cn to an external vertex.
That is, DWn = 2Cn + k1. The following result discusses the χ-chromatic sum of
double wheel graphs.
Proposition 2.1. The χ-chromatic sum of a double wheel graph DWn is given by
χ′(DWn) =
{
3(n+ 1); if n is even,
3n+ 7; if n is odd.
Proof. Let G = DWn = 2Cn + K1. Let {v1, v2, v3, . . . , vn} and {u1, u2, u3 . . . , un}
be the vertex set of the two cycles in G and let v be its central vertex. Here we
have to consider the following cases.
(i) Let n be an even integer. Then, a minimal proper colouring of G contains 3
colours, say c1, c2, c3. Let this 3-colouring of G be in such a way that the corre-
sponding colour classes ofG are Vc1 = {v1, v3, v5, . . . , vn−1, u1, u3, u5, . . . , un−1},
Vc2 = {v2, v4, v6, . . . , vn, u2, u4, u6, . . . , un} and Vc3 = {v}. Then, θ(c1) =
θ(c2) = n and θ(c3) = 1. Therefore, χ
′(G) = 1 (n) + 2 (n) + 3× 1 = 3(n+ 1).
(ii) Let n be an odd integer. Then, a minimal proper colouring of G contains 4
colours, say c1, c2, c3, c4. Colour the vertices of G in such a way that the cor-
responding colour classes are Vc1 = {v1, v3, v5, . . . , vn−2, u1, u3, u5, . . . , un−2},
Vc2 = {v2, v4, v6, . . . , vn−1, u2, u4, u6, . . . , un−1}, Vc3 = {vn, un} and Vc4 = {v}.
4 Certain Chromatic Sums of Some Cycle Related Graph Classes
Then, θ(c1) = θ(c2) = n − 1 and θ(c3) = 2 and θ(c4) = 1. Therefore,
χ′(G) = 1 (n− 1) + 2 (n− 1) + 3× 2 + 4× 1 = 3n+ 7.
This completes the proof.
The next result describes the χ+-sum of double wheel graphs.
Proposition 2.2. The χ+-chromatic sum of a double wheel graph DWn is given by
χ+(DWn) =
{
5n+ 1; if n is even,
7n− 2; if n is odd.
Proof. Then, we have the following cases.
(i) Let n be an even integer. Let the 3-colouring of G, mentioned in the proof
of Proposition 2.1, be in such a way that the corresponding colour classes
of G are Vc1 = {v}, Vc2 = {v2, v4, v6, . . . , vn, u2, u4, u6, . . . , un} and Vc3 =
{v1, v3, v5, . . . , vn−1, u1, u3, u5, . . . , un−1}. Then, θ(c1) = 1 and θ(c2) = θ(c3) =
n and Therefore, χ+(G) = 3 (n) + 2 (n) + 1× 1 = 5n+ 1.
(ii) Let n be an odd integer. Then,in a 4-proper colouring of G, interchange the
colour c1 with the colour c4 and colour c2 with colour c3 in the colouring
of graphs mentioned in Proposition 2.1. Therefore, the corresponding colour
classes are Vc1 = {v}, Vc2 = {vn, un}, Vc3 = {v2, v4, v6, . . . , vn−1, u2, u4, u6, . . . ,
un−1} and Vc4 = {v1, v3, v5, . . . , vn−2, u1, u3, u5, . . . , un−2}. Then, θ(c1) = 1,
θ(c2) = 2 and θ(c3) = θ(c4) = n − 1. Therefore, χ+(G) = 4 (n − 1) + 3 (n −
1) + 2× 2 + 1× 1 = 7n− 2.
This completes the proof.
In the next theorem, we discuss the b-chromatic sum of a double wheel graph DWn.
Theorem 2.3. The b-chromatic sum of a double wheel graph DWn is given by
ϕ′(DWn) =

15; if n = 4,
3n+ 10; if n 6= 4 is even,
3n+ 7; if n is odd.
Proof. It has already been known that a b-coloring of the wheel graph C4 + K1
contains 3 colours and for all other wheel graphs a b-coloring requires 4 colours (see
[13]). We also note that the same colouring pattern used for the cycle in a wheel
graph Cn+K1 can be used for both cycles in a double wheel graph 2Cn+K1. Hence,
a b- colouring of DWn contains three colours if n = 4 and four colours if n 6= 4.
First assume that n = 4. Let {v1, v2, v3, v4} and {u1, u2, u3, u4} be the vertex
sets of two cycles and v be the central vertex of the graph DW4. Now, assume
that C = {c1, c2, c3} be a b-colouring for DW4. We can colour the vertices of
DW4 in such a way that we get the colour classes as Vc1 = {v1, v3, u1, u3}, Vc2 =
{v2, v4, u2, u4} and Vc3 = {v}. That is, θ(c1) = θ(c2) = 4, θ(c3) = 1. Hence,
ϕ′(G) = 1× 4 + 2× 4 + 3× 1 = 15.
Next, assume that n 6= 4. Then, we need to consider the following cases.
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(i) Let n be even and C = {c1, c2, c3, c4} be a b-colouring of DWn. Then, we
can colour the vertices of DWn in such a way that we get the correspond-
ing colour classes as Vc1 = {v1, v4, v6, . . . , vn−2, u1, u4, u6, . . . , un−2}, Vc2 =
{v2, v5, v7, . . . , vn−1, u2, u5, u7, . . . , un−1}, Vc3 = {v3, vn, u3, un} and Vc4 = {v}.
Hence, θ(c1) = θ(c2) = n − 2, θ(c3) = 4 and θ(c4) = 1. Therefore, ϕ′(G) =
1 (n− 2) + 2 (n− 2) + 3× 4 + 4× 1 = 3n+ 10.
(ii) Let n be odd and C = {c1, c2, c3, c4} be a b-colouring of DWn. Then, we
can colour the vertices of DWn in such a way that we get the correspond-
ing colour classes as Vc1 = {v1, v4, v6, . . . , vn−1, u1, u4, u6, . . . , un−1}, Vc2 =
{v2, v5, v7, . . . , vn, u2, u5, u7, . . . , un}, Vc3 = {v3, u3} and Vc4 = {v}. Hence,
θ(c1) = θ(c2) = n − 1, θ(c3) = 2 and θ(c4) = 1. Therefore, ϕ′(G) =
1 (n− 1) + 2 (n− 1) + 3× 2 + 4× 1 = 3n+ 7.
This complete the proof.
The b+-chromatic sum can be determined by reversing the colouring pattern
mentioned in Theorem 2.3. The next result determines the b+-chromatic sum of
double wheel graphs.
Theorem 2.4. The b+-chromatic sum of a double wheel graph DWn is given by
ϕ+(DWn) =

21; if n = 4,
7n− 5; if n 6= 4 is even,
7n− 2; if n is odd.
Proof. First assume that n = 4 and assume that C = {c1, c2, c3} be a b-colouring for
DW4. We can colour the vertices of DW4 in such a way that we get the colour classes
as Vc1 = {v}, Vc2 = {v1, v3, u1, u3} and Vc3 = {v2, v4, u2, u4}. Hence, θ(c1) = 1 and
θ(c2) = θ(c3) = 4. Hence, ϕ
′(G) = 1× 1 + 2× 4 + 3× 4 = 21.
Next, assume n 6= 4 and is even. Then we can find a b-colouring C = {c1, c2, c3, c4}
ofDWn such that the corresponding colour are Vc1 = {v}, Vc2 = {v3, vn, u3, un}, Vc3 =
{v1, v4, v6, . . . , vn−2, u1, u4, u6, . . . , un−2} and Vc4 = {v2, v5, v7, . . . , vn−1, u2, u5, u7, . . . ,
un−1}. Hence, θ(c1) = 1, θ(c2) = 4, θ(c3) = θ(c4) = n − 2. Therefore, ϕ′(G) =
1× 1 + 2× 4 + 3 (n− 2) + 4 (n− 2) = 7n− 5.
Next, assume n and is odd. Then we can find a b-colouring C = {c1, c2, c3, c4}
of DWn such that the corresponding colour are Vc1 = {v}, Vc2 = {v3, u3}, Vc3 =
{v1, v4, v6, . . . , vn−1, u1, u4, u6, . . . , un−1}, Vc4 = {v2, v5, v7, . . . , vn, u2, u5, u7, . . . , un}.
Hence, θ(c1) = 1, θ(c2) = 2, θ(c3) = θ(c4) = n − 1. Therefore, ϕ′(G) = 1× 1 + 2×
2 + 3 (n− 1) + 4 (n− 1) = 7n− 2.
2.2 Colouring Sums of Helm Graphs
Another well known graph related to cycles and wheels is a Helm graph, which is
obtained by attaching pendant vertices to each vertex of the cycle of a wheel graph.
A Helm graph is denoted by Hn. Let us now discuss the various colouring sums of
Helm graphs.
6 Certain Chromatic Sums of Some Cycle Related Graph Classes
Theorem 2.5. The χ-chromatic sum of a Helm graph Hn is given by
χ′(Hn) =
{
3(n+ 1); if n is even,
3n+ 7; if n is odd.
Proof. We know that the minimal proper colouring of a Helm graph Hn contains 3
colours if n is even and contains 4 colours if n is odd. Let v be the central vertex,
{v1, v2, v3, . . . , vn} be the vertex set of the the cycle Cn and {u1, u2, u3, . . . , un} be
the set of pendant vertices in Hn. Now consider the following cases.
(i) Assume that n is even. Then, let C = {c1, c2, c3} be a minimal proper colouring
of Hn. Here, we have the following possibilities.
(a) The pendant vertices of Hn can be coloured using the same colours
used for colouring the vertices of the cycle Cn. This colouring can
be done in such a way that the colouring classes are given by Vc1 =
{v1, v3, v5, . . . , vn−1, u2, u4, u6, . . . , un}, Vc2 = {v2, v4, v6, . . . , vn, u1, u3, u5,
. . . , un−1} and Vc3 = {v}. Here, θ(c1) = θ(c2) = n and θ(c3) = 1 and
hence the colouring sum with respect to this colouring is 1(n) + 2(n) +
3× 1 = 3(n+ 1).
(b) If the pendant vertices are coloured using the colour of the central ver-
tex, we get the minimal proper colouring such that the colour classes
are Vc1 = {v, u1, u2, u3 . . . , un}, Vc2 = {v1, v3, v5 . . . , vn−1} and Vc3 =
{v2, v4, v6 . . . , vn}. Therefore, θ(c1) = n + 1 and θ(c2) = θ(c3) = n2
and the corresponding coloring sum is 1(n+ 1) + 2n
2
+ 3n
2
= 7n
2
+ 1.
It can be noted that colouring the pendant vertices using all three colours in
any manner, will not result in a colouring sum less than min{3(n+1), 7n
2
+1} =
3(n+ 1). Therefore, χ′(G) = 3(n+ 1) for all even n ≥ 4.
(ii) Assume that n is odd. Then, let C = {c1, c2, c3, c4} be a minimal proper
colouring of Hn. Here, we have the following possibilities.
(a) As in the above case, we can colour the pendant vertices of Hn using the
colours used for colouring the vertices of the cycle Cn so that the colour
classes we get are Vc1 = {v1, v3, v5, . . . , vn−2, u2, u4, u6, . . . , un−1}, Vc2 =
{v2, v4, v6, . . . , vn−1, u1, u3, u5, . . . , un−2}, Vc3 = {vn, u1} and Vc4 = {v}.
Here, θ(c1) = θ(c2) = n − 1, θ(c3) = 2 and θ(c4) = 1 and hence the
colouring sum with respect to this colouring is 1(n− 1) + 2(n− 1) + 3×
2 + 4× 1 = 3n+ 7.
(b) The pendant vertices of Hn can also be coloured using the colour of the
central vertex, so that we get the minimal proper colouring such that the
colour classes are Vc1 = {v, u1, u2, u3 . . . , un}, Vc2 = {v1, v3, v5 . . . , vn−2},
Vc3 = {v2, v4, v6 . . . , vn−1} and Vc4 = {vn}. Therefore, θ(c1) = n + 1 and
θ(c2) = θ(c3) =
n−1
2
and θ(c4) = 1 and hence the corresponding coloring
sum is 1(n+ 1) + 2n−1
2
+ 3n−1
2
+ 4× 1 = 7(n+1)
2
− 1.
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As mentioned in the previous case, it can be noted that colouring the pendant
vertices using all three colours in any manner, will not result in a colouring
sum less than min{3n + 7, 7(n+1)
2
− 1} = 3n + 7. Therefore, χ′(G) = 3n + 7
for all odd n ≥ 3.
This completes the proof.
The following theorem discusses the χ+-chromatic sum of helm graphs
Theorem 2.6. The χ+-chromatic sum of a Helm graph Hn is given by
χ+(Hn) =
{
5n+ 1; if n is even,
7n− 2; if n is odd.
Proof. We can determine the χ+-chromatic sum of Hn by reversing the colouring
patterns. Consider the following cases.
(i) Let n be even and C = {c1, c2, c3} be a minimal proper colouring of Hn. Here,
we have the following possibilities.
(a) The pendant vertices of Hn can be coloured using the same colours used
for colouring the vertices of the cycle Cn. This colouring can be done
in such a way that the colouring classes are given by Vc1 = {v}, Vc2 =
{v1, v3, v5, . . . , vn−1, u2, u4, u6, . . . , un} and Vc3 = {v2, v4, v6, . . . , vn, u1, u3,
u5, . . . , un−1}. Here, θ(c1) = 1 and θ(c2) = θ(c3) = n. Hence, the colour-
ing sum with respect to this colouring is 1× 1 + 2(n) + 3(1) = 5n+ 1.
(b) We can colour the pendant vertices using the colour of the central ver-
tex, in such a way that the corresponding colour classes of Hn are
given by Vc1 = {v1, v3, v5 . . . , vn−1}, Vc2 = {v2, v4, v6 . . . , vn} and Vc3 =
{v, u1, u2, u3 . . . , un}. Therefore, θ(c1) = θ(c2) = n2 and θ(c3) = n + 1
and the corresponding coloring sum is 1n
2
+ 2n
2
+ 3(n+ 1) = 9n
2
+ 2.
Note that colouring the pendant vertices using all three colours in any manner,
will not result in a colouring sum greater than than max{5n + 1, 9n
2
+ 2} =
5n+ 1. Therefore, χ+(G) = 5n+ 1 for all even n ≥ 4.
(ii) Assume that n is odd and let C = {c1, c2, c3, c4} be a minimal proper colouring
of Hn. Here, we have the following possibilities.
(a) As mentioned in the above case, it is possible to colour the pendant
vertices of Hn using the colours used for colouring the vertices of the
cycle Cn in such a way that the colour classes thus we get are Vc1 =
{v}, Vc2 = {vn, u1}, Vc3 = {v1, v3, v5, . . . , vn−2, u2, u4, u6, . . . , un−1} and
Vc4 = {v2, v4, v6, . . . , vn−1, u1, u3, u5, . . . , un−2}. Here, θ(c1) = 1, θ(c2) =
2, θ(c3) = θ(c4) = n − 1. Hence, the colouring sum with respect to this
colouring is 1× 1 + 2× 2 + 3(n− 1) + 4(n− 1) = 7n− 2.
(b) The pendant vertices of Hn can also be coloured using the colour of
the central vertex in such a way that we get the colour classes Vc1 =
{vn}, Vc2 = {v1, v3, v5 . . . , vn−2}, Vc3 = {v2, v4, v6 . . . , vn−1} and Vc4 =
{v, u1, u2, u3 . . . , un}. Therefore, θ(c1) = 1, θ(c2) = θ(c3) = n−12 and
θ(c4) = n+ 1. Hence, the corresponding coloring sum is 1× 1 + 2n−12 +
3n−1
2
+ 4(n+ 1) = 13n+5
2
.
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Here also, it can be noted that colouring the pendant vertices using all
four colours in any manner, will not result in a colouring sum greater than
max{7n− 2, 13n+5
2
} = 7n− 2. Therefore, χ′(G) = 7n− 2 for all odd n ≥ 3.
This completes the proof.
The b-chromatic numbers of Helm graphs have been determined in [18]. The results
proved in this paper, provide us a good background to determine b-chromatic and
b+-chromatic sums of Helm graphs. The following theorem describes the b-chromatic
sum of Helm graphs.
Theorem 2.7. The b-chromatic sum of a Helm graph Hn is given by
ϕ′(Hn) =

14 if n = 3,
25 if n = 4,
21 if n = 5,
30 if n = 6,
3n+ 13 if n ≥ 7.
Proof. Let v be the central vertex, {v1, v2, v3, . . . , vn} be the set of vertices in the
cycle Cn and {u1, u2, u3, . . . , un} be the set of pendant vertices in Hn. Then we have
to consider the following cases.
(i) First assume that n = 3. It is known that a b-coloring of the Helm graph
H3 contains 4 colours (see [18]). Let this colouring be C = {c1, c2, c3, c4}.
Colour the vertices of H3 in such a way that the corresponding colour classes
we get are Vc1 = {v1, u2, u3}, Vc2 = {v2, u1}, Vc3 = {v3} and Vc4 = {v}.
This colouring is illustrated in Figure 1. Therefore, θ(c1) = 3, θ(c2) = 2 and
θ(c3) = θ(c4) = 1. Hence, ϕ
′(H3) = 1× 3 + 2× 2 + 3× 1 + 4× 1 = 14.
Figure 1: A b-colouring of H3 so that the b-chromatic sum is minimum.
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(ii) Next, assume that n = 4. The b-colouring of H4 contains 5 colours (see
[18]). Let this colouring be C = {c1, c2, c3, c4, c5}. We can colour the vertices
so that the corresponding colour classes are Vc1 = {v1, u3}, Vc2 = {v2, u4},
Vc3 = {v3, u1}, Vc4 = {v4, u2} and Vc5 = {v}. This colouring is illustrated in
Figure 2. Therefore, θ(c1) = θ(c2) = θ(c3) = θ(c4) = 2 and θ(c5) = 1. Hence,
ϕ′(H4) = 1× 2 + 2× 2 + 3× 2 + 4× 2 + 5× 1 = 25.
Figure 2: A b-colouring of H4 so that the b-chromatic sum is minimum.
(iii) Now, assume that n = 5. A b-colouring of H5 contains 4 colours (see [18]).
Let C = {c1, c2, c3, c4} be such a b-colouring of H5. We can colour the ver-
tices of H5 in such a way that the corresponding colour classes are Vc1 =
{v1, v4, u2, u3, u5}, Vc2 = {v2, u1, u4}, Vc3 = {v3, v5}, and Vc4 = {v}. This
colouring is illustrated in Figure 3. Therefore, θ(c1) = 5, θ(c2) = 3, θ(c3) = 2
and θ(c4) = 1. Hence, ϕ
′(H5) = 1× 5 + 2× 3 + 3× 2 + 4× 1 = 21.
(iv) Assume that n = 6. A b-colouring of H6 contains 5 colours (see [18]). Let
C = {c1, c2, c3, c4, c5} be the required b-colouring of H6. Here, we can colour
the vertices of H6 in such a way that the corresponding colour classes are
Vc1 = {v1, u3, u4, u5, u6}, Vc2 = {v4, v6, u2}, Vc3 = {v2, u5}, Vc4 = {v3, u1}
and Vc5 = {v}. This colouring is illustrated in Figure 4. Therefore, θ(c1) =
5, θ(c2) = 3, θ(c3) = θ(c4) = 2 and θ(c5) = 1. Hence, ϕ
′(H6) = 1× 5 + 2× 3 +
3× 2 + 4× 2 + 5× 1 = 30.
(v) Assume that n ≥ 7. A b-coloring of a Helm graph Hn;n ≥ 7 contains 5
colours, say c1, c2, c3, c4, c5. Then, we need to consider the following cases.
(a) Let n be even. Now, we can colour the vertices of Hn such that we get
the colour classes Vc1 = {v1, v6, v8, . . . , vn−2, u3, u5, u7, . . . , un−1, u4, un},
Vc2 = {v2, v7, v9, v11, . . . , vn−1, u6, u8, . . . , un−2}, Vc3 = {v4, u1, u2}, Vc4 =
{v3, vn} and Vc5 = {v}. Here, θ(c1) = 1+(n−82 +1)+(n−42 +1)+2 = (n−1),
θ(c2) = 1 + (
n−6
2
+ 1) + (n−8
2
+ 1) = (n − 4), θ(c3) = 3, θ(c4) = 2
and θ(c5) = 1. Therefore, the corresponding b-chromatic sum is given
byϕ′(Hn) = 1(n− 1) + 2(n− 4) + 3× 3 + 4× 2 + 5× 1 = 3n+ 13.
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Figure 3: A b-colouring of H5 so that the b-chromatic is minimum.
Figure 4: A b-colouring of H6 so that the b-chromatic sum is minimum.
(b) let n be odd. Here, we can colour the vertices of Hn such that we get
the colour classes Vc1 = {v1, v6, v8, . . . , vn−1, u4, u3, u5, u7, . . . , un−2, un},
Vc2 = {v2, v5, v7, v9, . . . , vn−2, u6, u8, . . . , un−1}, Vc3 = {v4, u1, u2}, Vc4 =
{v3, vn} and Vc5 = {v}. Here, θ(c1) = 1+(n−72 +1)+(n−32 +1)+1 = (n−1),
θ(c2) = 1 + (
n−7
2
+ 1) + (n−7
2
+ 1) = (n − 4), θ(c3) = 3, θ(c4) = 2 and
θ(c5) = 1. Therefore, the corresponding b-chromatic sum is given by
ϕ′(Hn) = 1(n− 1) + 2(n− 4) + 3× 3 + 4× 2 + 5× 1 = 3n+ 13.
In both cases, we note that the colouring sum is 3n+13. Therefore, ϕ′(Hn) =
3n+ 13, if n ≥ 7.
This completes the proof.
In a similar way, we can find the b+-chromatic sum of helm graphs as explained
in the following theorem.
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Theorem 2.8. The b+-chromatic sum of a Helm graph Hn is given by
ϕ+(Hn) =

21 if n = 3,
29 if n = 4,
34 if n = 5,
48 if n = 6,
9n− 7 if n ≥ 7.
Proof. Let v be the central vertex, {v1, v2, v3, . . . , vn} be the set of vertices in the
cycle Cn and {u1, u2, u3, . . . , un} be the set of pendant vertices in Hn as explained
in the previous theorem. Then, consider the following cases.
(i) First assume that n = 3. Colour the vertices of H3 in such a way that the
corresponding colour classes are Vc1 = {v}, Vc2 = {v3}, Vc3 = {v2, u1} and
Vc4 = {v1, u2, u3}. Therefore, ϕ+(H3) = 1× 1 + 2× 1 + 3× 2 + 4× 3 = 21.
(ii) Now, assume that n = 4. Colour the vertices of H4 so that the corresponding
colour classes are Vc1 = {v}, Vc2 = {v1, u3}, Vc3 = {v2, u4}, Vc4 = {v3, u1} and
Vc5 = {v4, u2}. Hence, ϕ+(H4) = 1× 1 + 2× 2 + 3× 2 + 4× 2 + 5× 2 = 29.
(iii) Next, assume that n = 5. Colour the vertices of H5 in such a way that the
corresponding colour classes are Vc1 = {v}, Vc2 = {v3, v5}, Vc3 = {v2, u1, u4}
and Vc4 = {v1, v4, u2, u3, u5}. Hence, ϕ+(H5) = 1×1+2×2+3×3+4×5 = 34.
(iv) Assume that n = 6. A b-colouring of H6 contains 5 colours (see [18]). Let
C = {c1, c2, c3, c4, c5} be the required b-colouring of H6. Here, we can colour
the vertices of H6 in such a way that the corresponding colour classes are
Vc1 = {v}, Vc2 = {v3, u1}, Vc3 = {v2, u5}, Vc4 = {v4, v6, u2} and Vc5 =
{v1, u3, u4, u5, u6}. Therefore, θ(c1) = 1, θ(c2) = θ(c3) = 2, θ(c4) = 3 and
θ(c5) = 5. Hence, ϕ
+(H6) = 1× 1 + 2× 2 + 3× 2 + 4× 3 + 5× 5 = 48.
(v) Assume that n ≥ 7. Then, we need to consider the following cases.
(a) Let n be even. Now, colour the vertices of Hn such that we get the
colour classes Vc1 = {v}, Vc2 = {v3, vn}, Vc3 = {v4, u1, u2}, Vc4 =
{v2, v7, v9, v11, . . . , vn−1, u6, u8, . . . , un−2} and Vc5 = {v1, v6, v8, . . . , vn−2,
u3, u5, u7, . . . , un−1, u4, un}. Here, θ(c1) = 1, θ(c2) = 2, θ(c3) = 3, θ(c4) =
n−4 and θ(c5) = (n−1). Therefore, the corresponding b+-chromatic sum
is given byϕ+(Hn) = 1×1+2×2+3×3+4×(n−4)+5×(n−1) = 9n−7.
(b) let n be odd. Here, we can colour the vertices of Hn such that colour
classes are , Vc5 = {v},Vc2 = {v3, vn}, Vc3 = {v4, u1, u2}, Vc4 = {v2, v5, v7,
v9, . . . , vn−2, u6, u8, . . . , un−1} and Vc5 = {v1, v6, v8, . . . , vn−1, u4, u3, u5, u7,
. . . , un−2, un}. Here, θ(c1) = 1, θ(c2) = 2, θ(c3) = 3, θ(c4) = n − 4 and
θ(c5) = n− 1. Therefore, the corresponding b-chromatic sum is given by
ϕ+(Hn) = 1× 1 + 2× 2 + 3× 3 + 4(n− 4) + 5× (n− 1) = 9n− 7.
In both cases, we note that the b+-chromatic sum is 9n − 7. Therefore,
ϕ+(Hn) = 9n− 7, if n ≥ 7.
This completes the proof.
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2.3 Colouring Sums of Closed Helm Graphs
A closed helm is a graph obtained by forming an outer cycle joining the pendant
vertices of a helm graph. A closed Helm graph is denoted by CHn. It is to be noted
that the coloring patterns in a minimal proper colouring of Helm graphs and closed
Helm graphs are the same and the number of vertices having the same colour are
also the same in both of these graphs. Hence, the following results are obvious.
Theorem 2.9. The χ-chromatic sum of a closed Helm graph CHn is given by
χ′(CHn) =
{
3(n+ 1); if n is even,
3n+ 7; if n is odd.
Theorem 2.10. The χ+-chromatic sum of a Helm graph Hn is given by
χ+(CHn) =
{
5n+ 1; if n is even,
7n− 2; if n is odd.
It is also proved in [18] that a b-colouring of a Helm graph and a closed Helm
graph are the same, but because of the difference in adjacency patterns in them,
the b-chromatic sum and b+-chromatic sums are different for these graphs. The
following theorem discusses the b-chromatic sum of a closed Helm graph.
Theorem 2.11. The b-chromatic sum of a closed Helm graph CHn is given by
ϕ′(CHn) =

16; if n = 3,
25; if n = 4,
22; if n = 5,
32; if n = 6,
3(n+ 5); if n > 7,
3n+ 16; if n ≥ 7 and is odd.
Proof. Let v be the central vertex, {v1, v2, v3, . . . , vn} be the set of vertices in the
inner cycle and {u1, u2, u3, . . . , un} be the set of vertices of the outer cycle in the
closed helm CHn. Then we have the following cases.
(i) First assume that n = 3. Let the required b-colouring of CH3 be C =
{c1, c2, c3, c4}. Colour the vertices of CH3 in such a way that the corresponding
colour classes are Vc1 = {v1, u2}, Vc2 = {v2, u3}, Vc3 = {v3, u1} and Vc4 = {v}.
This colouring is illustrated in Figure 5. Therefore, θ(c1) = θ(c2) = θ(c3) = 2
and θ(c4) = 1. Hence, ϕ
′(CH3) = 1× 2 + 2× 2 + 3× 2 + 4× 1 = 16.
(ii) Next, assume that n = 4 and the required b-colouring be C = {c1, c2, c3, c4, c5}.
We can colour the vertices of CH4 so that the corresponding colour classes are
Vc1 = {v1, u3}, Vc2 = {v2, u4}, Vc3 = {v4, u2}, Vc4 = {v3, u1} and Vc5 = {v}.
This colouring is illustrated in Figure 6. Therefore, θ(c1) = θ(c2) = θ(c3) =
θ(c4) = 2 and θ(c5) = 1. Hence, ϕ
′(CH4) = 1×2+2×2+3×2+4×2+5×1 = 25.
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Figure 5: A b-colouring of CH3 so that the b-chromatic sum is minimum.
Figure 6: A b-colouring of CH4 so that the b-chromatic sum is minimum.
(iii) Now, assume that n = 5 and let the required b-colouring of H5 be C =
{c1, c2, c3, c4}. Colour the vertices of CH5 in such a way that the corresponding
colour classes are Vc1 = {v1, v3, u2, u5}, Vc2 = {v2, v4, u1, u3}, Vc3 = {v5, u4},
and Vc4 = {v}. This colouring is illustrated in Figure 7. Therefore, θ(c1) =
θ(c2) = 4, θ(c3) = 2 and θ(c4) = 1. Hence, ϕ
′(CH5) = 1× 4 + 2× 4 + 3× 2 +
4× 1 = 22.
(iv) Assume that n = 6. Let the required b-colouring of CH6 be C = {c1, c2, c3, c4, c5}.
Here, Colour the vertices of CH6 in such a way that the corresponding colour
classes are Vc1 = {v1, v5, u3, u4, u6}, Vc2 = {v4, v6, u2, u5}, Vc3 = {v2, u4},
Vc4 = {v3, u1} and Vc5 = {v}. This colouring is illustrated in Figure 8.
Therefore, θ(c1) = θ(c2) = 4, θ(c3) = θ(c4) = 2 and θ(c5) = 1. Hence,
ϕ′(CH6) = 1× 5 + 2× 4 + 3× 2 + 4× 2 + 5× 1 = 32.
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Figure 7: A b-colouring of CH5 so that the b-chromatic sum is minimum.
Figure 8: A b-colouring of CH6 so that the b-chromatic sum is minimum.
(v) Assume that n ≥ 7. Also, let C = {c1, c2, c3, c4, c5} be the required b-coloring
of the closed Helm graph CHn. Then, the following cases are to be considered.
(a) Let n be even. Then, we can colour the vertices of CHn such that
the colour classes are Vc1 = {v1, v5, v7, . . . , vn−1, u3, u6, u8, . . . , un}, Vc2 =
{v2, v6, v8, v10, . . . , vn−2, u4, u7, u9, u11, . . . , un−1}, Vc3 = {v4, vn, u2, u5},
Vc4 = {v3, u1} and Vc5 = {v}. Here, θ(c1) = 1+(n−62 +1)+1+(n−62 +1) =
(n−2), θ(c2) = 1+(n−82 +1)+1+(n−82 +1) = (n−4), θ(c3) = 4, θ(c4) = 2
and θ(c5) = 1. Therefore, the corresponding b-chromatic sum is given by
ϕ′(CHn) = 1(n−2)+2(n−4)+3×4+4×2+5×1 = 3n+15 = 3(n+5).
(b) let n be odd. Here, we can colour the vertices of CHn so that the colour
classes are Vc1 = {v1, v5, v7, . . . , vn−2, u3, u6, u8, u10, . . . , un−1, }, Vc2 =
{v2, v6, v8, v10, . . . , vn−1, u4, u7, u9, u11, . . . , un}, Vc3 = {v4, vn, u2, u5}, Vc4 =
{v3, u1} and Vc5 = {v}. Here, θ(c1) = 1+(n−72 +1)+1+(n−72 +1) = (n−3),
θ(c2) = 1 + (
n−7
2
+ 1) + 1 + (n−7
2
+ 1) = (n − 3), θ(c3) = 4, θ(c4) = 2
and θ(c5) = 1. Therefore, the corresponding b-chromatic sum is given by
ϕ′(CHn) = 1(n− 3) + 2(n− 3) + 3× 4 + 4× 2 + 5× 1 = 3n+ 16.
This completes the proof.
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Reversing the colouring pattern of the vertices of CHn in Theorem 2.11, as
indicated in Theorem 2.4 and Theorem 2.8, we can determine the b+-chromatic
sum of a closed Helm graph as follows.
Theorem 2.12. The b+-chromatic sum of a closed Helm graph CHn is given by
ϕ+(CHn) =

19; if n = 3,
29; if n = 4,
33; if n = 5,
47; if n = 6,
9(n− 1); if n > 7 and n is even,
9n− 10; if n ≥ 7 and n is odd.
2.4 Colouring Sums of Sunlet Graphs
Another class of graph related to cycles is the class of sunlet graphs. A sunlet graph,
denoted by Sn, is defined as Sn = CnK1, where  represents the corona product
of two graphs. Or in other words, a sunlet graph is the graph obtained by attaching
a pendant edge to each vertex of a cycle Cn.
The χ-chromatics sum of a sunlet graph is determined in the following result.
Proposition 2.13. The χ-chromatic sum of a sunlet graph Sn is given by
χ′(Sn) =
{
3n; if n is even,
3(n+ 1); if n is odd.
Proof. Let {v1, v2, v3, . . . , vn} be the set of vertices of Cn and u1, u2, u3, . . . , un be
the pendant vertices of the sunlet graph Sn. Then we have the following cases.
(i) If n is even, then Sn is bipartite and hence is 2-colourable. Let c1 and c2 be the
two colours used for colouring the vertices of Sn. By colouring the vertices of
Sn suitably, we get the corresponding colour classes Vc1 = {v1, v3, v5, . . . , vn−1,
u2, u4, u6, . . . , un} and Vc2 = {v2, v4, v6, . . . , vn, u1, u3, u5, . . . , un−1}. Hence, we
have θ(c1) = θ(c2) = n and hence χ
′(Sn) = 1(n) + 2(n) = 3n.
(ii) If n is odd, then Sn is 3-colourable, using the colours, say c1, c2 and c3.
By colouring the vertices of Sn suitably, we get the colour classes Vc1 =
{v1, v3, v5, . . . , vn−2, u2, u4, u6, . . . , un−1}, Vc2 = {v2, v4, v6, . . . , vn−1, u1, u3, u5,
. . . , un−2} and Vc3 = {vn, u1}. Therefore, θ(c1) = θ(c2) = n− 1 and θ(c3) = 2.
Hence, χ′(Sn) = 1(n− 1) + 2(n− 1) + 3× 2 = 3(n+ 1).
This completes the proof.
The χ+-chromatic number of Sn can be calculated by reversing the colouring
pattern of the vertices of Sn mentioned in Proposition 2.13 and hence we get the
following result immediately.
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Proposition 2.14. The χ+-chromatic sum of a sunlet graph Sn is given by
χ+(Sn) =
{
3n; if n is even,
5n− 3; if n is odd.
Next, we determine the b-chromatic sum of the sunlet graphs Sn in the following
theorem.
Theorem 2.15. The b-chromatic sum of a sunlet graph Sn is given by
ϕ′(G) =

10; if n = 3,
20; if n = 4,
17; if n = 5,
3n+ 8; if n ≥ 6.
Proof. Let {v1, v2, v3, . . . , vn} be the set of vertices of Cn and u1, u2, u3, . . . , un be
the pendant vertices of the sunlet graph Sn. Then we have the following cases.
(i) First assume that n = 3. It is known that a b-coloring of the sun graph S3
contains 3 colours (see [19]). Let this colouring be C = {c1, c2, c3}. Colour
the vertices of S3 in such a way that the corresponding colour classes we
get are Vc1 = {v1, u2, u3}, Vc2 = {v2, u1} and Vc3 = {v3}. This colouring is
illustrated in Figure 9. Therefore, θ(c1) = 3, θ(c2) = 2 and θ(c3) = 1. Hence,
ϕ′(S3) = 1× 3 + 2× 2 + 3× 1 = 10.
Figure 9: A b-colouring of S3 so that the b-chromatic sum is minimum.
(ii) Next, assume that n = 4. The b-colouring of S4 contains 4 colours (see [19]).
Let this colouring be C = {c1, c2, c3, c4}. We can colour the vertices so that the
corresponding colour classes are Vc1 = {v1, u3}, Vc2 = {v2, u4}, Vc3 = {v3, u1}
and Vc4 = {v4, u2}. This colouring is illustrated in Figure 10. Therefore,
θ(c1) = θ(c2) = θ(c3) = θ(c4) = 2. Hence, ϕ
′(S4) = 1×2+2×2+3×2+4×2 =
20.
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Figure 10: A b-colouring of S4 so that the b-chromatic sum is minimum.
(iii) Now, assume that n = 5. A b-colouring of S5 contains 3 colours (see [19]). Let
C = {c1, c2, c3} be such a b-colouring of S5. We can colour the vertices of S5 in
such a way that the corresponding colour classes are Vc1 = {v1, v4, u2, u3, u5},
Vc2 = {v2, u1, u4} and Vc3 = {v3, v5}. This colouring is illustrated in Figure
11. Therefore, θ(c1) = 5, θ(c2) = 3 and θ(c3) = 2. Hence, ϕ
′(H5) = 1 × 5 +
2× 3 + 3× 2 = 17.
Figure 11: A b-colouring of S5 so that the b-chromatic sum is minimum.
(v) Assume that n ≥ 6. A b-coloring of a sunlet graph Sn;n ≥ 6 contains 4
colours, say c1, c2, c3, c4. Then, we need to consider the following cases.
(a) Let n be even. Now, we can colour the vertices of Sn such that we get
the colour classes Vc1 = {v1, v6, v8, . . . , vn−2, u3, u5, u7, . . . , un−1, u4, un},
Vc2 = {v2, v5, v7, v9, . . . , vn−1, u6, u8, . . . , un−2}, Vc3 = {v4, u1, u2} and
Vc4 = {v3, vn}. Here, θ(c1) = 1 + (n−82 + 1) + (n−42 + 1) + 2 = (n − 1),
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θ(c2) = 1 + (
n−6
2
+ 1) + (n−8
2
+ 1) = (n − 4), θ(c3) = 3 and θ(c4) = 2.
Therefore, the corresponding b-chromatic sum is given byϕ′(Sn) = 1(n−
1) + 2(n− 4) + 3× 3 + 4× 2 = 3n+ 8.
(b) let n be odd. Here, we can colour the vertices of Sn such that we get
the colour classes Vc1 = {v1, v6, v8, . . . , vn−1, u4, u3, u5, u7, . . . , un−2, un},
Vc2 = {v2, v5, v7, v9, . . . , vn−2, u6, u8, . . . , un−1}, Vc3 = {v4, u1, u2} and
Vc4 = {v3, vn}. Here, θ(c1) = 1 + (n−72 + 1) + (n−32 + 1) + 1 = (n − 1),
θ(c2) = 1 + (
n−7
2
+ 1) + (n−7
2
+ 1) = (n − 4), θ(c3) = 3 and θ(c4) = 2.
Therefore, the corresponding b-chromatic sum is given by ϕ′(Sn) =
1(n− 1) + 2(n− 4) + 3× 3 + 4× 2 = 3n+ 8.
In both cases, we note that the colouring sum is 3n+ 8. Therefore, ϕ′(Sn) =
3n+ 8, if n ≥ 6.
This completes the proof.
Colouring the vertices of Sn in the reverse order of that mentioned in Theorem
2.10, we can determine the b+-chromatic sum of sunlet graphs Sn as follows.
Theorem 2.16. The b+-chromatic sum of a sunlet graph Sn is given by
ϕ+(G) =

14; if n = 3,
20; if n = 4,
23; if n = 5,
7n− 8; if n ≥ 6.
2.5 Colouring Sums of Web Graphs
A web graph, denoted by Wn, is the graph obtained by attaching a pendant edge
to each vertex of one cycle (say outer cycle) of the prism graph Cn2P2, where 2
represents the Cartesian product of two graphs.
Similar to Proposition 2.13, the following proposition discusses the chi-chromatic
sum of a web graph Wn.
Proposition 2.17. The χ-chromatic sum of a web graph Wn is given by
χ′(Wn) =
{
7n
2
; if n is even,
9n+9
2
; if n is odd.
Proof. Let {v1, v2, v3, . . . , vn} be the set of vertices of of the inner cycle Cn and
u1, u2, u3, . . . , un be the set of vertices of the outer cycle and w1, w2, w3, . . . , wn be
the pendant vertices of the web graph Wn. Then, we have the following cases.
(i) If n is even, then Wn is a bipartite graph and hence is 2-colourable. Let
c1 and c2 be the two colours used for colouring the vertices of Wn. By
colouring the vertices of Sn suitably, we get the corresponding colour classes
Vc1 = {v1, v3, v5, . . . , vn−1, u2, u4, u6, . . . , un, w1, w3, w5, . . . , wn−1} and Vc2 =
{v2, v4, v6, . . . , vn, u1, u3, u5, . . . , un−1, w2, w4, w6, . . . , wn}. Therefore, we have
θ(c1) = θ(c2) =
3n
2
and hence χ′(Sn) = 1× 3n2 + 2× 3n2 = 7n2 .
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(ii) If n is odd, then the web graph Wn is also 3-colourable. Let C = {c1, c2, c3}
be the required 3-colouring of Wn. By colouring the vertices of Wn suitably, we
get the colour classes Vc1 = {v1, v3, v5, . . . , vn−2, u2, u4, u6, . . . , un−1, w1, w3, w5,
. . . , wn−2}, Vc2 = {v2, v4, v6, . . . , vn−1, u1, u3, u5, . . . , un−2, w2, w4, w6, . . . , wn−1}
and Vc3 = {vn, u1, wn}. Therefore, θ(c1) = θ(c2) = 3(n−1)2 and θ(c3) = 3.
Hence, χ′(Wn) = 1× 3(n−1)2 ) + 2× 3(n−1)2 + 3× 3 = 9n+92 .
This completes the proof.
The χ+-chromatic number of the web graphs Wn can be calculated by reversing
the colouring pattern of the vertices of Wn mentioned in Proposition 2.17 and hence
we get the following result immediately.
Proposition 2.18. The χ+-chromatic sum of a web graph Wn is given by
χ+(Wn) =
{
7n
2
; if n is even,
15n−9
2
; if n is odd.
The b-chromatic number of web graphs is determined in the following theorem.
Theorem 2.19. The b-chromatic number of a web graph Wn is given by
ϕ(G) =
{
4 if n = 3, 4,
5 if n ≥ 5.
Proof. Let V1 = {v1, v2, v3, . . . , vn} be the set of vertices of the inner cycle Cn
and V2 = {u1, u2, u3, . . . , un} be the set of vertices of the outer cycle and V3 =
{w1, w2, w3, . . . , wn} be the set of pendant vertices of the web graph Wn. Then, we
have the following cases.
(i) Let n = 3. Then, colour the vertices of W3 such that c1 7→ v1, c2 7→ v2, c3 7→
v3, c4 7→ u1, c4 7→ u1, c3 7→ u2, c2 7→ u3 and c1 7→ {w1, w2, w3}. In this
colouring, the vertex v1 with colour c1 is adjacent to the vertices v2 with
colour c2, v3 with colour c3 and u1 with colour c4, the vertex u3 with colour
is adjacent to the vertices w3 with colour c1, v3 with colour c3 and u1 with
colour c4 the vertex u2 with colour c3 is adjacent to the vertices w2 with colour
c1, u3 with colour c2 and u1 with colour c4 and the vertex u1 with colour c4
is adjacent to the vertices v1 with colour c1, u3 with colour c2 and u2 with
colour c3 (see Figure 12). More over, we have ∆(W3) + 1 = 4 and hence this
colouring is a b-colouring for W3. Therefore, ϕ(W3) = 4.
(ii) Let n = 4. Then, colour the vertices of W4 in such a way that we have
c1 7→ v1, c2 7→ v2, c3 7→ v3, c4 7→ v4, c1 7→ u3, c2 7→ u4, c3 7→ v2, c4 7→ u1,
c1 7→ {w1, w2, w4} and c2 7→ u3 (see Figure 13). As explained in the above
case, we can verify that this colouring is a b-colouring for W4. Therefore,
ϕ(W4) = 4.
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(iii) Let n ≥ 5. If n = 5, we can colour the vertices of W5 in such a way that
c1 7→ v3, c2 7→ v4, c3 7→ v5, c4 7→ v1, c5 7→ v2, c1 7→ u1, c2 7→ u2, c3 7→ u3, c4 7→
u4, c5 7→ u5, c1 7→ w4, c2 7→ w5, c3 7→ w1, c4 7→ w2, c5 7→ w3 (see Figure 14). It
can be easily verified that it is a b-colouring for W5 and hence ϕ(W5) = 5.
If n > 5, then we can label the first five vertices of V1, V2 and V3 as explained in
the previous case, so that at least one vertex in each colour class is adjacent
to some vertices in all other colour classes. Since ∆(Wn) + 1 = 5, for all
integral values of n, there exists no colouring for Wn with more colours than
this colouring. Hence, ϕ(Wn) = 5;n ≥ 5.
This completes the proof.
Now, we are in a position to discuss the b-chromatic sum of the web graphs. The
following theorem discusses the b-chromatic sum of web graphs.
Theorem 2.20. The b-chromatic sum of a web graph Wn is given by
ϕ′(Wn) =

18; if n = 3,
25; if n = 4,
45; if n = 5,
5n+ 21; if n ≥ 6 and n is even,
5n+ 18; if n ≥ 7 and n is odd,
Proof. Let V1 = {v1, v2, v3, . . . , vn} be the set of vertices of of the inner cycle Cn
and V2 = {u1, u2, u3, . . . , un} be the set of vertices of the outer cycle and V3 =
{w1, w2, w3, . . . , wn} be the set of pendant vertices of the web graph Wn. Then, we
have the following cases.
(i) First assume that n = 3. The b-colouring of W3 mentioned in Theorem
2.19 yields the minimum possible colouring sum, for which the colour classes
are Vc1 = {v1, w1, w2, w3}, Vc2 = {v2, u3}, Vc3 = {v3, u2} and Vc4 = {u1}.
The colouring pattern mentioned here is illustrated in Figure 12. Therefore,
ϕ′(W3) = 1× 4 + 2× 2 + 3× 2 + 4× 1 = 18.
(ii) Assume that n = 4. The b-colouring of W4 mentioned in Theorem 2.19 yields
the minimum possible colouring sum. In this case, the corresponding colour
classes are Vc1 = {v1, u3, w1, w2, w4}, Vc2 = {v2, u4, w3}, Vc3 = {v4, u2} and
Vc4 = {v3, u1}. The colouring pattern mentioned here is illustrated in Figure
13. Therefore, ϕ′(W4) = 1× 5 + 2× 3 + 3× 2 + 4× 2 = 25.
(iii) Now, assume that n = 5. Here also, the b-colouring of W5 mentioned in
Theorem 2.19 yields the minimum possible colouring sum. In this case, the
corresponding colour classes are Vc1 = {v3, u1, w4}, Vc2 = {v4, u2, w5}, Vc3 =
{v5, u3, w1}, Vc4 = {v1, u4, w2} and Vc5 = {v2, u5, w3}. This colouring pattern
mentioned here is illustrated in Figure 14. Therefore, ϕ′(W5) = 1 × 3 + 2 ×
3 + 3× 3 + 4× 3 + 5× 3 = 45.
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Figure 12: A b-colouring of W3 so that the b-chromatic sum is minimum.
Figure 13: A b-colouring of W4 so that the b-chromatic sum is minimum.
(iv) Next, assume that n ≥ 6 is even. Here, we can colour the vertices of
Wn in such a way that the corresponding colour classes of Wn are Vc1 =
{v3, v7, v9, . . . , vn−1, u1, w4, w6, w7, w8, . . . , wn}, Vc2 = {v4, v6, v8, . . . , vn, u2, u7,
u9, . . . , un−1, w5}, Vc3 = {v5, u3, u6, u8, u10, . . . , un, w1}, Vc4 = {v1, u4, w2} and
Vc5 = {v2, u5, w3}. Therefore, θ(c1) = 1+(n−82 +1)+1+1+(n−6+1) = 3n2 −5,
θ(c2) = (
n−4
2
+ 1) + (n−8
2
+ 1) + 1 = n− 2, θ(c3) = 1 + 1 + (n−62 + 1) = n2 + 1,
θ(c4) = θ(c5) = 3. Therefore, ϕ
′(Wn) = 1(3n2 − 5) + 2(n− 2) + 3(n2 + 1) + 4×
3 + 5× 3 = 5n+ 21.
(v) Now, let n ≥ 7 is odd. Here, we can colour the vertices ofWn such that the cor-
responding colour classes are Vc1 = {v3, v6, v8, . . . , vn−1, u1, w4, w5, w6, . . . , wn},
Vc2 = {v2, v7, v9, . . . , vn, u5, u8, u10, u12 . . . , un−1, w1, w3}, Vc3 = {v5, u3, u7, u9,
u11, . . . , un}, Vc4 = {v1, u4, w2} and Vc5 = {v4, u2, u6}. Then, θ(c1) = 1+(n−72 +
1)+1+1+n−3 = 3n−7
2
, θ(c1) = 1+(
n−7
2
+1)+1+1+(n−9
2
+1)+2 = (n−2),
θ(c3) = 1 + 1 + (
n−7
2
+ 1) + 1 = n−1
2
and θ(c4) = θ(c5) = 3. Hence, we have
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Figure 14: A b-colouring of W5 so that the b-chromatic sum is minimum.
ϕ′(Wn) = 1(3n−72 ) + 2(n− 2) + 3(n−12 ) + 4× 3 + 5× 3 = 5n+ 18.
This completes the proof.
The b+-chromatic number of Wn can be calculated by reversing the colouring
pattern of the vertices of Wn explained in 2.20 and hence we get the following result
straight forward.
Theorem 2.21. The b+-chromatic sum of a web graph Wn is given by
ϕ+(Wn) =

27; if n = 3,
35; if n = 4,
45; if n = 5,
13n− 21; if n ≥ 6 and n is even,
13n− 18; if n ≥ 7 and n is odd,
3 Conclusion
So far, we have discussed some colouring sums related to certain types of graph
colouring for some cycle related graphs. The concepts discussed here can be applied
or extended for other graph classes and graph operations. Some open problems
related to this research area, we have identified during this study are the following.
Problem 3.1. Discuss the general colouring sums of one point unions of cycles.
Problem 3.2. Discuss the general colouring sums of unions of cycles with some
edges in common.
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Problem 3.3. Discuss the general colouring sums of join of two given cycles (and
other arbitrary graphs).
Problem 3.4. Discuss the general colouring sums of different graph powers of
cycles (and other arbitrary graphs).
The concepts and results discussed in this paper may create some interests for
further the research for some general colouring protocols. These facts highlight the
wide scope of this area.
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